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Chord progressions

ÅChord progressions are not arbitrary

üExample 1: I-IV-I-V-I (C-F-C-G-C)

üExample 2: I-V-VI-III-IV-I-II-V (C-G-Am-Em-F-C-Dm-G)

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



Markov chains of chord progressions

ÅMarkov states ‌ȟ‌ȟ‌ in a sequence ίίίȣ

ÅMarkov property:

üὖί ‌ί ‌ȟί ‌ȟȣ

ὖί ‌ȿί ‌

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



HMM model

ÅObservations
üChroma features

üOr template-based result

ÅHidden states
üάwŜŦƛƴŜŘέ ŎƘƻǊŘ ǎŜǉǳŜƴŎŜ

üThe answer we want

ÅTransition probability
üFrom training data

ÅEmission probability
üFrom training data

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



Discrete HMM components

ÅMap an arbitrary chroma
features in the test data to one 
of a finite set of prototype 
vectors (codebook)
üQuantization: map the feature

üClustering:  train the codebook

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



A naïve HMM model training method

ÅὍstates (e.g., Ὅ ςτ), ὑobservation symbols

ÅFor the training data:

ὧ ὲόάὦὩὶέὪὸὶὥὲίὭὸὭέὲὪέὶά‌ὥὸὸὭάὩὲ ρ

ὥ
ὲόάὦὩὶέὪὸὶὥὲίὭὸὭέὲίὪὶέά‌ὸέ‌

ὲόάὦὩὶέὪὸὶὥὲίὭὸὭέὲίὪὶέά‌

ὦ
ὲόάὦὩὶέὪὸὶὥὲίὭὸὭέὲίὪὶέά‌ὥὲὨέὦίὩὶὺὭὲὫ‍

ὲόάὦὩὶέὪὸὶὥὲίὭὸὭέὲίὪὶέά‌

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



The uncovering problem of HMM

ÅGiven: 

üAn HMM specified by ɡ ═ȟὃȟὅȟ║ȟὄ

üAn observation sequence ὕ έȟέȟȣȟέ

ÅFind:

üThe single state sequence Ὓ ίȟίȟȣȟί , ίᶰ═that 
άōŜǎǘ ŜȄǇƭŀƛƴέ ǘƘŜ ƻōǎŜǊǾŀǘƛƻƴ ǎŜǉǳŜƴŎŜ

üὍstates, ὔtime frames -> total Ὅ possible paths

üHow to solve this problem?

Ὓz ÁÒÇÍÁØὖὕȟὛȿɡ



Viterbi’s algorithm (1)

ÅBased on dynamic programming: the optimal result for a 
problem is built on the optimal result for the sub-problems

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



Viterbi’s algorithm (2)

For backtracking

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



An example of Viterbi’s algorithm (1)

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



An example of Viterbi’s algorithm (2)

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



Result

ÅBetter than temporal smoothing

From: M. Mueller, Fundamentals of Music Processing, Chapter 5, Springer 2015



Pitch detection



Pitch detection

ÅPitch detection from the spectrum

üProblem 1: missing fundamental

üProblem 2: inharmonicity

ÅPeriodicity-based pitch detection?

From: http:// sites.sinauer.com/wolfe4e/wa10.02.html

From: http:// www.21harmony.com/blog/illuminating-inharmonicity

http://sites.sinauer.com/wolfe4e/wa10.02.html
http://www.21harmony.com/blog/illuminating-inharmonicity


“Periodicity” detection

ÅWe have discussed some techniques in spectrumestimation / 
frequencydetection

ÅWhat is the difference between frequency and periodicity?

ÅFormally, a periodic signal is defined as

üὼὸ ὼὸ Ὕ ȟᶅ ὸ

ÅWhat is the definition of frequency?

ÅFind the fundamental frequency/period 

ÅApplication: pitch detectionΣ ǘǊŀƴǎŎǊƛǇǘƛƻƴΣ ōŜŀǘ ǘǊŀŎƪƛƴƎ Χ



Pitch detection theory: a historical remark

August Seebeck

(1805-1849)

Georg Simon Ohm (1789-1854) Herman von Helmholtz

(1821-1894)

Harvey Fletcher (1884-1981) Jan Frederik Schouten (1910-1980)



Seebeck’sexperiment (1841) and Ohm’s second 
law

ÅhƘƳΩǎ ǎŜŎƻƴŘ law: a pitch could be heard only if the wave 
contains power at the frequency όάFourierismέ ǇŜǊǎǇŜŎǘƛǾŜύ

ÅOhm: {ŜŜōŜŎƪΩǎfinding is just an illusion

pitch is 

periodicity!

pitch is 

frequency!



Helmholtz’s theory 

Ą̊On the Sensations of Tone as a Physiological Basis for the 
Theory of Music̩ (1877)

ÅάFourierismέ ǇŜǊǎǇŜŎǘƛǾŜΥ ŘƛǎǘƻǊǘƛƻƴ ǇǊƻŘǳŎǘǎ ƎŜƴŜǊŀǘŜŘ ƛƴ ǘƘŜ 
ear so we can hear that weak fundamental

ÅCƭŜǘŎƘŜǊΥ ŘƛǎŎƻǾŜǊ άƳƛǎǎƛƴƎ ŦǳƴŘŀƳŜƴǘŀƭέ ǳǎƛƴƎ ƘƛƎƘ-pass filter 
on audio signal

I support Ohmôs 

position, and I have a 

beautiful explanation

I support 

Helmholtzôs 

position!



Schouten’s experiment I (1938)

ÅLƴǇǳǘ ǎƛƎƴŀƭΥ пллIȊΣ сллIȊΣ уллIȊΣ ΧΣ ǿƛǘƘ ŘƛǎǘƻǊǘƛƻƴ ǇǊƻŘǳŎǘ 
ŀǘ нллIȊ όIŜƭƳƘƻƭǘȊΩǎ ǘƘŜƻǊȅύ

ÅAdd a pure tone of 206 Hz, beats should be heard

üNo beats were heard

Things are not 

quite so simpleé



Schouten’s experiment II (1938)

Å Input signal: 1000Hz, 1200Hz, 1400Hz
üA clear pitch at 200 Hz should be ƘŜŀǊŘ όIŜƭƳƘƻƭǘȊΩǎ ǘƘŜƻǊȅ)

Å Input signal: 1040Hz, 1240Hz, 1440Hz
üAlso a ŎƭŜŀǊ ǇƛǘŎƘ ŀǘ нлл IȊ ǎƘƻǳƭŘ ōŜ ƘŜŀǊŘ όIŜƭƳƘƻƭǘȊΩǎ ǘƘŜƻǊȅ)

ÅExperiment: ~207 Hz

Things are not 

quite so simpleé



Challenges

ÅQuasi-periodicity

ÅMultiple periodicity (polyphonic: overlap and 
harmonic)

ÅTransient



Basic idea of periodicity detection

ÅFormally, a periodic signal is defined as

üὼὸ ὼὸ Ὕ ȟᶅ ὸ

ÅFormally, the frequency spectrum of  a signal is 
ŘŜŦƛƴŜŘ ŀǎΧ

ÅFrequency analysis: the relationship between 
the signal and the sinusoidal basis

ÅPeriodicity analysis: the relationship between 
the signal and itself



Basic periodicity detection functions 

ÅAutocorrelation function (ACF)

ÅAverage magnitude difference function (AMDF)

ÅYIN and its periodicity detector

ÅGeneralized ACF and Cepstrum



Autocorrelation function (ACF)

ÅCross product measures similarity across time

ÅCross correlation:

üὙ † В ὼὸώὸ †

ÅAutocorrelation:

üὙ † В ὼὸὼὸ †

Åὸ: time-domain

Å†: lag-domain



Other relevant pitch detection functions

ÅAverage magnitude difference function (AMDF)

üὃὓὈὊ† В ȿὼὸ ὼὸ †ȿ

ÅThe pitch detection function used in YIN

üὣὍὔ† В ὼὸ ὼὸ †

üRef: Alain de CheveignéŜǘ ŀƭΣ ά¸Lb, a fundamental 
ŦǊŜǉǳŜƴŎȅ ŜǎǘƛƳŀǘƻǊ ŦƻǊ ǎǇŜŜŎƘ ŀƴŘ ƳǳǎƛŎΣέ WΦ Acoust. Soc. 
Am. 111 (4), April 2002

Pre-processing
Pitch detection 

function
Post-processing

http://audition.ens.fr/adc/pdf/2002_JASA_YIN.pdf


Result

ÅA violin D4

ÅὪ 293 Hz

ÅὝ 3.41 msec

ÅPitch indicator:

üDiscarding zero-lag term 
(for zero lag the signal 
matches the signal itself)

üὴᶻ ÁÒÇÍÁØὃὅὊὴ

üὴᶻ ÁÒÇÍÉÎὃὓὈὊὴ

0 0.02 0.04 0.06 0.08 0.1
-0.1

0

0.1

Time (s)

Time-domain signal

0 0.005 0.01 0.015 0.02
-1

0

1

2
x 10

-3

Lag (s)

ACF

0 0.005 0.01 0.015 0.02
0

0.02

0.04

0.06

Lag (s)

AMDF

0 0.005 0.01 0.015 0.02
0

2

4
x 10

-3

Lag (s)

YIN



Wiener-KhinchinTheorem

ÅThe computational complexity of a ὔ-point ACF: 

üὕὔ ὔ

üIs there any way to accelerate it?

ÅWiener-Khinchintheorem: the ACF is the inverse 
Fourier transform of the power spectrum

üὙ † ὍὊὊὝὊὊὝὼὸ

üComplexity: ὕὔÌÏÇὔ



Generalized ACF

ÅConsider a generalization of ACF:

Å Ὑ † ὍὊὊὝὊὊὝὼὸ , π ‎ ς

Å Or, Ὑ † ὍὊὊὝÌÏÇȿὊὊὝὼὸȿ?

ÅWhat are the advantages of generalized ACF?
Å wŜŎŀƭƭ ǘƘŜ άƭƻƎŀǊƛǘƘƳƛŎ ŎƻƳǇǊŜǎǎƛƻƴέ ǇŀǊǘ ƻŦ ǘƘŜ chromagram!

ÅReference:
Å Helge Indefrey, Wolfgang Hess, and Günter Seeser. "Design and evaluation of 

double-transform pitch determination algorithms with nonlinear distortion in 
the frequency domain-preliminary results."in Proc, ICASSP, 1985.

Å AnssiKlapuri, "Multipitch analysis of polyphonic music and speech signals using 
an auditory model."IEEE Transaction on Audio, Speech and Language 
Processing,Vol.16, No.2, pp. 255-266, 2008.



Preliminary result

ÅA violin D4 (Ὢ 293 
Hz, Ὕ 3.41 msec)

ÅPitch indicator:

ü‎ ς(ACF)

ü‎ πȢς

üLogarithm
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